Introduction
In celestial mechanics and mathematics, dynamical systems of N -body problems have been extensively investigated for a long time. A rough estimate states that approximately two-thirds of the stars in our galaxy belong to multistellar systems, and about one-fifth of these multistellar systems are triple-planet systems [1] . Therefore, the restricted four-body problem (RFBP) has increasingly been used to study many of the complex dynamical phenomena in the past few decades. For the RFBP, the gravitational effect on the other masses by the fourth mass is negligible. The smaller body is known as infinitesimal mass (body) and the remaining three finite massive bodies are called primaries.
The classical RFBP can be generalized to different types according to the configurations of three primaries, such as the Eulerian configuration with three primaries supposed in a collinear central configuration, the Lagrangian configuration with three primaries distributed in an equilateral triangle, and the bicircular/bi-elliptical model with the third primary rotating circularly/elliptically around the barycenter of the first and second primaries. Recently, the oblateness coefficient [2] , radiation pressure force [3] , PoyntingRobertson drag [4] , and other perturbing effects have been taken into consideration during the mathematical modeling for the RFBP. However, mathematically, based on the equation of motion, we still can classify these models into two types, the autonomous type and the non-autonomous type.
For the autonomous type RFBP model, in order to explain some complex phenomena, a great deal of excellent research results have been achieved on the equilibrium points and their linear and nonlinear stability [5] [6] [7] [8] [9] . The linear stability or instability of the equilibrium points is characterized by the roots of the characteristic equation. An equilibrium point is linearly stable if the characteristic equation has pure imaginary roots. With application of the characteristic equation, Kalvouridis et al. [10] and Arribas et al. [6] completed the analysis of photo-gravitational version of the RFBP in Lagrangian configuration and the RFBP in Eulerian configuration, respectively, and they also investigated the effect of radiation on the stability. Baltagiannis and Papadakis [5] studied numerically the linear stability of the relative equilibrium solutions. Similarly, Ceccaroni and Biggs [11] investigated the stability of RFBP with three primaries in the stable Lagrangian equilateral configuration and tested the results in a real Sun-
candiceqyj@163.com
Jupiter-(624) Hektor-spacecraft system. Following the KAM theory, Alvarez-Ramírez et al. [12] studied the nonlinear stability for the RFBP with Lagrangian configuration. Budzko and Prokopenya [13] solved the nonlinear stability problem in a strict nonlinear formulation on the basis Arnold-Moser theorem for a particular equilibrium in the RFBP, as well as the influence of the third-and fourth-order resonances on stability of the equilibrium positions.
For the non-autonomous four-body system, such as the bi-circular/bi-elliptical four-body problem model, although libration points do not exist in the case, the dynamics of a spacecraft moving near the dynamical substitutes for each libration point (see Hou and Liu [14, 15] for the definition of dynamical substitutes) is still of concern and is focused in many research studies [16] [17] [18] . Assaidian and Pourtakdoust [19] studied the effect of the Sun on the libration points of the EarthMoon system with the bi-elliptical model. Oshima et al. [20] studied the mechanism of gravity assist in the Sun-Earth-Moon-spacecraft system based on the bi-circular/bi-elliptical four-body problem model. Yagasaki [21] constructed an Earth-to-Moon transfer with low cost and moderate flight time under the framework of the bi-circular model. Most of the works in the field of non-autonomous four-body system study the effect of the fourth body on the periodic orbits, the dynamics of capture near triangular libration points (Trojans motion), the low energy transfer, and so on.
However, little attention has been paid to the stability of the non-autonomous four-body system, such as the bicircular four-body problem (BCP) model, although it is of significantly importance in celestial mechanics. In the BCP model, the third primary moves around the barycenter of the first and secondary primaries in a circular motion. As a matter of fact, with the Taylor expansions of the distance between the infinitesimal mass and the third primary, we can consider the BCP model as an unperturbed, autonomous, and conservative system with the main perturbation due to the presence of the third primary's periodic motion [22] . The third primary's perturbation appears as coefficients in the governing differential equation. Thus, mathematically one is led to differential equation with time-varying coefficients. These types of excitations are called parametric excitations [23] . Generally, a small parametric excitation can produce a large response, and the system loses its stability when the frequency of the parametric excitation is close to double of the system's natural frequency, which is so called principal parametric resonance. Following the interesting feature of this system, the stability analysis for coupled and parametric excited system like BCP model can be solved directly with application of the perturbation methods, for example, harmonic balance method [24] , multiple scale method [25] [26] [27] [28] [29] . The representative work was demonstrated by Alfriend and Rand [30] who applied a general perturbation technique to study the stability of infinitesimal motions in the non-autonomous elliptic RTBP. Gong and Liu [31, 32] derived two criteria for Hill stability of the 1-3 configuration coplanar fourbody system. Simó et al. [22] followed approximate analytical procedure and studied the boundary where the transition from instability to stability occurs in the Sun-Earth-Moon BCP model. Their ideas were based on the perturbed RTBP problem, which considers the third primary's gravitational influence fully as perturbation. So they studied the stability in a vicinity of the triangular libration points of the RTBP. It is worth to mention that the third primary's gravitational influence not only provides a periodic parametric excitation, but also provides direct constant gravity due to the average gravitational force which affects the system's stiffness. Consequently, the system's natural frequency, locations of equilibrium points, and the resonance frequency for parametric excitation all alter. Therefore, Simó et al.'s work [22] needs to be reconsidered in the vicinity of libration points with consideration of the third primary's direct constant gravity as well as the parametric stability region in BCP model. In this study, we firstly discuss the influence of the third primary's direct constant gravity on the locations of the equilibrium points and the system's natural frequency. Then, the parametric stability of the whole system is investigated.
The remainder of this paper is structured as follows. In Section 2, the basic dynamics of the BCP is briefly introduced. During the derivation, the BCP model is considered with two parts: the unperturbed system and the parametric excitation part. The unperturbed system's natural frequency and the parametric excitation frequency analyses are presented in Section 3. The instability region is detected for the BCP model in the vicinity of principal parametric resonance in Section 4. The results of numerical simulations are given in Section 5 and conclusions are drawn in Section 6.
Bicircular four-body model
The geometry of the bicircular four-body problem model is shown in Fig. 1 .
The finite masses P 1 , P 2 , P 3 and the infinitesimal mass body P 4 are denoted as m 1 , m 2 , m 3 , and m 4 , respectively. The motion of P 4 is assumed to surround P 1 and P 2 and is influenced by the attraction of P 1 , P 2 , and P 3 , but the motions of the finite masses P 1 , P 2 , P 3 are assumed not to be affected by P 4 . Specifically, P 1 and P 2 are revolving in circular orbits around their barycenter O, and the barycenter is moving in a circular orbit around P 3 . Besides that, the two orbital planes are assumed to coincide with each other with the distance from P 3 to P 1 -P 2 system much greater than the distance from P 1 to P 2 .
Equation of motion in the barycenter synodic coordinate system
The geometry of this problem is conveniently described in a synodic coordinate system (O-xyz), centered at P 1 -P 2 barycenter O. The x axis is given by the line from
The non-dimensionalization is applied in the following study. The unit length is set as the distance between P 1 and P 2 . The unit time is set as T /2π, where T is the period of the P 1 -P 2 system. We introduce µ as the mass parameter of the P 1 -P 2 system, then
The massive P 1 , with mass 1 − µ, is located at (−µ, 0, 0) in O-xyz, and P 2 , with mass µ, is located at
With the definition above, the equation of motion for the infinitesimal mass body P 4 is easily obtained in Oxyz asẍ 
(2) where θ is the angle between x axis and the line connecting the third primary and the P 1 -P 2 barycenter, counterclockwise measured, L so is the distance from P 3 to the P 1 -P 2 barycenter O, and r 1 , r 2 , r 3 are the distances from P 1 , P 2 , P 3 to P 4 :
With the definition of r 3 , we expand 1/r 3 and obtain:
where r = x 2 + y 2 is the distance from P 4 to the P 1 -P 2 barycenter O. Since the region of motion of P 4 surrounds P 1 and P 2 , it is easy to notice that:
and the following conclusion can be found:
as the third primary's characteristic parameter, the equation of motion (2) can be further reduced tö (8) is a generalized equation of motion for the RFBP model. When we consider θ = 0
• , the system reduces RFBP with Eulerian configuration. When the third primary's characteristic parameter k = 0, the system reduces to the planar RTBP model.
It is clear that P 3 's gravitational force consists of two parts, the direct constant gravity part due to the average gravitational force which presents in the linear stiffness terms as According to the nonlinear oscillation theory [23] , similar to the famous Mathieu Equation, the BCP model could be considered with two parts: the unperturbed BCP system which is expressed as
where the effective potential Ω is written as
and the parametric excitation part which contains the terms with non-autonomous sine and cosine.
Equilibrium points for unperturbed BCP system
The equilibrium points of the unperturbed BCP system are reconsidered due to the third primary's direct constant gravity. The unperturbed BCP system is similar to the RTBP system. The positions of the equilibrium points are found by making zero right sides of Eq. (9), that is, by solving Ω x = 0, Ω y = 0, that can be written as 1 +
This system leads to two types of solution. Points for which y = 0 are named collinear and they lie on the x axis of the synodic system while points for which y = 0 are named non-collinear and they lie away from the x axis of the synodic system.
To find the collinear points, we write y = 0 in Eq. (11) and solve the first equation in Eq. (11) for x, which leads to a fifth-order algebraic equation for each point.
1 +
A variety of methods are available for the solution of Eq. (12) with k and µ as parameters. Traditionally, an iteration process is used for finding the real roots for the above fifth-order algebraic equations by Szebehely [33] . In this study, the solutions are numerically obtained and shown in Fig. 2 .
Furthermore, we focus on the non-collinear equilibrium points. When we consider y = 0, the solution can be easily found that satisfying r 1 = r 2 , and the non-collinear points are obtained as
and k should be less than 14 to guarantee the existence of the non-collinear equilibrium points. For the planetnatural satellite-probe system in the solar system, k is generally very small. For example, k = 0.02776 in Jupiter-Carme-probe system and k = 0.005589 in Earth-Moon-probe system. The values of k for some practical dynamical systems are listed in Table 1 . It is observed that those two points are still formed as two equicrural triangles with the first and second primaries. When k = 0, these two points recover to (
2 ) which are the triangular points in the CRTBP. Equation (13) demonstrates the difference between the unperturbed BCP system and the RTBP system. The third primary's direct constant gravity part that shows as characteristic parameter k pulls the non- In order to analyze the original system (8)'s parametric stability, it is necessary to move the origin of coordinate system from the P 1 -P 2 barycenter to its corresponding unperturbed system (9)'s center × center type equilibrium point.
In the following discussions, we will take the equilibrium point with positive value of y, named L + point, as an example. For the negative case, the problem can be considered in a similar way.
In the new coordinate system, the directions of ξ, η, and ζ are in parallel with those of the barycenter synodic system, refer to Fig. 1 . For L + -centered synodic coordinate system, denoted by L + -ξηζ, the relationship between L + -ξηζ and O-xyz can be expressed as
The pseudo-potential function of the motion around L + point could be expressed with the Legendre polynomials P n as [33] :
where m = (1 − 2µ)
The second partial derivatives of Ω are denoted by subscripts ξ and η. The superscript 0 indicates that the derivatives are to be evaluated at the equilibrium points. The dots signify derivatives with respect to the actual time. Correspondingly, the linearized unperturbed BCP system in L + -ξηζ frame can be expressed as
Frequency analysis
The parametric resonance occurs when the parametric frequency is close to double of the system's natural frequency. Generally, for a two dimensional system, there are two natural frequencies. Thus, in this section, in order to search the possibility of two types of principal parametric resonances, named the first and the second principal resonances, we analyze the natural frequency of the unperturbed BCP system (18) and the frequency of parametric excitation part.
Natural frequency analysis for the unperturbed BCP system
The characteristic equation corresponding to system (18) is
The roots of the characteristic equation (19) play a crucial role to determine the motions around an equilibrium point. An equilibrium point will be stable if Eq. (19) evaluated at the equilibrium, has pure imaginary roots or complex roots with negative real parts. This happens if the following conditions hold:
hich gives the span of k and µ as shown in Fig. 3 with 0 < k < 0.6667.
The natural frequencies of the unperturbed BCP system around the L + point are obtained as
Based on the ranges of k and µ, the values of ω 1 and ω 2 with variations of k and µ are shown in Fig. 4 . In  Fig. 4 , the lower surface denotes the values of ω 1 and the upper surface denotes the values of ω 2 .
Parametric excitation frequency analysis
In this subsection, we focus on the frequency for the parametric excitation part. During the modeling, P 3 's motion is built on the hypothesis that P 3 is moving in a circular orbit around P 1 -P 2 barycenter. We can consider the frequency Ω s for P 3 moving around P 1 -P 2 barycenter is a two-body problem and satisfies the Kepler's third law. In an inertial coordinate, that is
Since θ is the angle between x axis and the line from the barycenter to the third primary, the frequency for 
and θ = ωt. Here the bookkeeping device ε is used to indicate the fact that parametric amplitude is small. Based on the nonlinear oscillation theory, the principal parametric resonance occurs when the frequency of the parametric excitation is close to double of one of the system's natural frequencies. Here we search for the possibility of
Substituting Eqs. (17), (21), and (24) into Eq. (25), the following relations can be obtained:
where Q = 1 + 1 2 k. Then, based on the above relations and the ranges of k, µ obtained in Eq. (20) , the correlation between µ and k when ω = 2ω 2 is found and shown in Fig. 5 . In Fig. 5(a) , the red region denotes the valid ranges for k, µ, and the black line denotes the line of intersection for ω 2 and 0.5ω. It is clear that for the second principal resonance, k should satisfy 0 < k < 0.13645. The enlarged figure for the intersection line is shown in Fig. 5(b) . The tuning point marked as start on the black line is (0.0279, 0.0446). The correlation between µ and k when ω=2ω 1 is not found.
Thus, it is observed that only the second principal parametric resonance is possible for the BCP system. It is worth to mention that the intersection line on the k-µ plane is the exact resonance line for the second principal and µ satisfy the relation along the resonance line, the whole system definitely will lose its stability. However, in some cases, when the values of k and µ are close to the resonance line, the system still will lose its stability.
How to quantify the deviation to the exact resonance line is the main problem to treat in this section.
The solutions to Eq. (23) can be assumed as
where T 0 = t and T 1 = εt are the fast and slow time scales, respectively. Substituting Eq. (27) , their derivatives, and the following relationship:
to Eq. (23), collecting the same powers of ε yields the following recursive equations:
It is easily to obtain the solutions to the coupled linear equation (29) as
where cc denotes complex conjugate of the proceeding terms and
Substituting Eq. (31) and relation (28) into Eq. (30) yields: It is worth to mention that, the exact resonance line is contained in ω = 2ω 2 , and the detuning parameter σ is to be determined to quantify the unstable response's deviation to the exact resonance line. The solutions to Eqs. (33) and (34) are assumed as
Then, substituting Eq. (37) into Eqs. (33) and (34):
(38) and collecting harmonics of ω 2 yield the following algebraic equations about Q 1 and Q 2 :
where S 1 and S 2 are the terms with e iω2T0 :
The solvability conditions demand the orthogonal relationships as
Assuming the complex amplitude A 1 has following real and imaginary parts:
and its differential with respect to T 1 has following form:
Applying the nontrivial solutions of Eq. (39) leads to the following real-value ordinary differential equations: 
It is clear that the motion is stable if λ is imaginary. Thus, the motion is stable if
The critical value of σ is 2 R 2 3 + R 2 4 . Hence, the transition curves emanating from ω ≈ 2ω 2 are
The transition curves obtained in Eq. (49) will be shown as black line in Section 5 (Fig. 6 ).
Numerical validation
In this section, we present the results obtained from the analytical method and perform the numerical method to validate the accuracy of the analytical results. The numerical procedures have been developed in MATLAB. The numerical integrator adopted is a classic eighthorder Runge-Kutta with a seventh-order for automatic step-size control. The tolerance is taken as 1×10 −14 .
Based on Eq. (48), we can obtain the critical value of σ on the transition curves with the variation of the third primary's characteristic parameter k and mass parameter µ, which is shown in Fig. 6 . It is clear that the critical value of the detuning parameter σ increases with k and µ, which indicates that the larger the values of k and µ are, the larger the unstable region appears. It is also noticed in Fig. 6(b) that when k is large than 0.0446, σ increases severely, which requires attention of the engineers in optimization design. We perform perturbation method by assuming that the detuning parameter σ is much smaller than the parametric frequency in Eq. (35). With the increase of the detuning parameter σ, the analytical method might be failed in this area. Therefore, we stop the simulation when the detuning parameter σ is larger than one tenth of the parametric frequency, which narrows the range of k down to [0, 0.101].
During the numerical procedures, since we only concern the unstable response's deviation to the exact resonance line, the points of (µ,k) around resonance line are evaluated. In this study, [0.1, 0, 0, 0] is chosen as the initial value and integrated for the system (2) with each pair of (µ,k) on Fig. 3 . The integration time for each round is 5000 unit time. By comparing the maximum absolute value of the x component in the first 2500 unit time and maximum absolute value of the x component in the last 2500 unit time, we can conclude whether the trajectory can diverge.
The instability boundary of the second subharmonic resonances of the BCP model obtained by the analytical procedure has been presented in Fig. 7 . In Fig. 7(a) , we present the results when k is less than 0.023: the black lines denote the two transition curves resulting from perturbation method (49); the dark red line in the plot is the exact resonance line; the blue region denotes resonance and unstable area resulting from numerical method, which are taken as benchmark to estimate the accuracy of the perturbation methods. Similarly, we present the results when k belongs to [0, 0.101] in Fig.  7(b) . Besides, the grey shadow shows the ranges of k and µ obtained in Fig. 3 .
It can be concluded from Fig. 7(a) that the instability boundary of the second principal resonance by the direct application of perturbation method agrees well with the numerical results when k is smaller than 0.023. In Fig. 7(b) , when k is small than 0.023 and µ is larger than 0.032147, the lower boundary trends downward until reaching the range of (k,µ) obtained in Fig. 3 . When k is large than 0.023, the upper boundary still follows the tendency of the variation of the numerical results. However, the accuracy of the perturbation method cannot be guaranteed.
Some real system parameters in the solar system are listed in Table 1 and the analytical method proposed in the study is used to investigate the parametric stability.
Taking the Jupiter-Carme-probe system as an example, the third-body mass parameter k is 0.02776. Based on Eq. (49), we can obtain the unstable range of µ which is [0.0239, 0.0315]. However, the Jupiter-Carme-probe system's real mass parameter µ is 6.842×10 −11 . It is concluded that the non-collinear points in Jupiter-Carme-probe system are stable with the periodic excitation from the Sun. The stability of the orbits in the vicinity of this area is guaranteed and not sensitive to the initial value. From Table 1 , it can be seen that considering the Sun as the third primary, the above planet-natural satelliteprobe systems in the solar system are all stable.
Conclusions
The stability for the non-autonomous bicircular model is studied. The stability boundaries for the second principal resonances are derived analytically from the solvability conditions with the method of multiple scales. Then, the accuracy of the analytical results is compared with the numerical results in the third primary's characteristic parameter k-µ plane. It is concluded that the stability boundary of the second principal resonance by the direct application of perturbation method agrees well with the numerical results when k is smaller than 0.023. Besides, some real bicircular systems in solar system are investigated as examples to show the potential applications of the stability region obtained in this study.
It has been illustrated that the parametric study is meaningful for understanding the stability of the nonautonomous bicircular system. The method proposed in the paper may have more possible applications. (1) This method can be extended to other N -body model with parametric excitation, such as the coplanar four-body model for triple-star system and the binary asteroid system for the investigation of parametric stability. (2) Furthermore, the most important point of our study is the potential use in the design of escape/transfer trajectory design. If a system is unstable with the parametric excitation, with the help of the weak parametric excitation, spacecraft can be dragged away into the escape/transfer orbit we set with less energy consumption. Response for parametric resonance can be obtained with consideration of the nonlinear part and the response amplitude is only relevant to the frequency of the excitation.
